Γ The objective of this paper is to show the existence, uniqueness and asymptotic stability of the energy of the solutions of equation (1) below, we also present some numerical results related to these topics. where τ is the function i.e. the thermal diffusivity depends on the total heat in the region Ω . For more detail about that, see [1] and [2] .
In this work we present some simple contributions to the theoretical analysis of the model investigated in [1] and [3] . Additionally, we develop a numerical method following some ideas introduced in [4] , and show some numerical results associated with the asymptotic behavior of the solution of equation (1) . Manuscript We shall follow the usual notation for functional spaces, see for instance [5] or [6] .
II. EXISTENCE, UNIQUENESS AND EXPONENTIAL DECAY
In order to state the main results, we consider some hypotheses on the real-valued functions M and f . 
The function θ satisfies the identity integral for all ( ). (6) corresponding to the approximate problem Estimate III -Setting
Using hypothesis (2) together with the Cauchy-Schwarz inequality we obtain
Using estimates (9) and (10) 
Morever, since the injection of ) ( ) (
The convergence (13) are sufficient to pass to the limit as ∞ → μ in the first two terms of the approximate system (7), but is not sufficient to analyse the nonlinear terms. Moreover, we need convergence in
continuous and compact then (13) enable us to apply compactness result, cf. Aubin [6] or Lions [7] , and thus we can extract a subsequence of , ) (
and whence we get a.e. in [0, T].
Analysis of the term
We will proof the following convergence: 
. By Cauchy-Schwartz inequality and (10), we have ( )
From this and precedent convergence, it yields
. Now we analyze the last term on the right-hand side of (17). Initially, note that
. Inserting (19) and (18) into (17) we conclude that (16) is fact.
Analysis of the term (10) Uniqueness of solutions. The uniqueness of the global solution can be obtained using the energy method.
Asymptotic behavior. The aim now is to prove the inequality (4) . Taking the scalar product of ) ( 2 Ω L on both sides of (1) 1 with θ and using the hypotheses (2), we get 
From this we have that (5) follows.
III. APPROXIMATION SOLUTION
To obtain the numerical approximate solutions we use both the finite element method and the finite difference method. Moreover, some numerical experiments are presented for analysis of the model. Substituting (6) into the approximate system (7) and taking Substituting (23) in (22), we obtain the system 
IV. FINITE ELEMENT METHOD
To calculate the matrices of the nonlinear system (24), we need to introduce the basis function For the nonlinear ordinary differential system (25) with the matrices characteristics (dependent on the variables x and t ) to obtain the solution is not always possible in continuous time. So, we will apply a numerical method to determine the approximated solution for this system, using the approximate implicit Crank-Nicolson method (see, for instance, [9] ).
From the temporal discretization and considering ) ( = n n t θ θ we define the the approximation and the first derivative of the time, by
For the system (25) at the discrete mesh points t n t n Δ = , using approximation above, we obtain the following the discrete system: Table I . It is worth noticing that the convergence rate of the proposed numerical method for the linear case is known to be quadratic. Moreover, our numerical results suggest that a similar convergence rate is also valid in the non linear case. This result illustrates that the proposed numerical method can be readily used for the computation of accurate approximate solutions to equation (1) .
The next example is related to the asymptotic behavior, as t goes to infinity, of the solutions of equation (1) (1) is known as the Chafee-Infante equation. The asymptotic behavior of the solutions in this case is well understood and was thoroughly studied in [10] .
They established that when the parameter a passes through an eigenvalue of the laplacian a bifurcation occurs.
In Fig. 1 we present the bifurcation diagram representing the dependence of the asymptotic solution mass when the parameter a changes in the interval [5, 15] . Our results suggest that in the nonlocal case (b) a bifurcation occurs at the same value 
